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Abstrat
Hithin shows in [5,6℄ that half-at SU(3)-strutures on a 6-
dimensional manifold M an be lifted to parallel G2-struture on
the produt M ×R. We show that Hithin's approah an also be
used to onstrut nearly parallel G2-strutures by lifting so-alled
nearly half-at strutures. These SU(3)-strutures are desribed
by pairs (ω, ϕ) of stable 2- and 3-forms with dϕ = λω2 for some
λ ∈ R \ {0}.
Introdution
The group SU(3) an be realized as the G2-stabilizer of a point in the 6-sphere.
Therefore a SU(3)-struture on a 6-dimensional manifold M an always be lif-
ted to a G2-struture on the produt M × R. Conversely a G2-struture indues
a SU(3)-struture on oriented hypersurfaes (see [1℄). This relationship between
SU(3) and G2-strutures seems to be very pronouned in the ase of (nearly) half-
at SU(3)- and (nearly) parallel G2-strutures. Cabrera shows in [1℄ that (nearly)
parallel G2-strutures indue (nearly) half-at SU(3)-strutures on oriented hyper-
surfaes. Conversely Hithin shows in [5,6℄ that half-at SU(3)-strutures an be
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lifted to parallel G2-strutures. It is well known that the assoiated metri of a
parallel G2-struture is Rii-at. Nearly parallel G2-struture an be desribed by
speial 3-forms ψ with dψ = λ ∗ ψ for some λ ∈ R \ {0}. The assoiated metri of
a nearly parallel G2-struture is Einstein with onstant salar urvature. Therefore
the question arises (see [3℄) whether nearly half-at SU(3)-strutures an be lifted
to nearly parallel G2-strutures.
1. Stable forms and SU(3)-strutures
Definition 1.1. Let V be a real n-dimensional vetor spae and ρ ∈ ΛkV ∗.
We say that ρ is stable if the orbit of ρ under the natural ation of GL := GL(V )
on ΛkV ∗ is open. Consequently we all a k-Form ρ : FM −→ ΛkRn∗ =: Λk on a
n-dimensional manifoldM with frame bundle FM stable if for every frame p ∈ FM
the GL(n,R)-orbit GL.ρ(p) of ρ(p) is open in Λk. Stable forms have the property
that all forms in a suiently small neighbourhood are stable, too.
Example 1.2. Consider the following forms on R6
ω0 := e
14 + e25 + e36
ϕ0 := e
123 − e156 + e246 − e345
σ0 :=
1
2ω
2
0 = e
1425 + e1436 + e2536
where (e1, .., e6) denotes the standard basis of R
6
. The 2-form ω0 is the anonial
sympleti form on R6 and its stabilizer under the GL(6,R) ation is Sp(6,R). It
follows
dim(GL(6,R))− dim(Sp(6,R)) = 36− 21 = dim(Λ2R6∗)
and therefore ω0 is stable. The identity omponent of the stabilizer of ϕ0, σ0 is
SL(3,C), Sp(6,R) respetively. Therefore ϕ0 and σ0 are stable forms too.
Remark 1.3. The 3-forms lying in the open orbit of ϕ0 are of speial inte-
rest. Given suh a form ϕ it is possible (see [5℄) to onstrut a omplex stru-
ture I(ϕ) ∈ End(R6) on R6. To onstrut an almost omplex-struture on a 6-
dimensional manifold M onsider the subset
Ωϕ0(M) := {ϕ : FM −→ GL.ϕ0 ⊂ Λ
3} ⊂ Ω3(M)
of 3-forms on M . Given ϕ ∈ Ωϕ0(M) we obtain an almost omplex struture
I(ϕ) ∈ Γ(End(TM)). To be more preise, we require that M is oriented to on-
strut the almost omplex struture. This is due to the fat that only the identity
omponent of the stabilizer of ϕ is equal to SL(3,C) ⊂ GL(3,C). Apart from forms
2
of type ϕ0 there is only one more type of stable 3-forms on a 6-dimensional vetor
spae [5℄. Heneforth a stable 3-form shall always be a form of type ϕ0.
Let ρ0 ∈ {ω0, ϕ0, σ0} be a stable k-form on R
6
. In the appendix we give a denition
of an assoiated volume
ǫ : GL.ρ0 −→ Λ
6
whih is ompatible with the ation of GL(6,R) in the following way:
Lemma 1.4. For ρ ∈ GL.ρ0 ⊂ Λk and A ∈ GL(6,R) we have
ǫ(A.ρ) =

A.ǫ(ρ) if ρ ∈ GL.ω0
sgn(A)A.ǫ(ρ) if ρ ∈ GL.ϕ0 or ρ ∈ GL.σ0
where sgn(A) denotes the sign of det(A).
Applying this invariane to the ation of the salar matries, we see that ǫ(λkρ) =
λ6ǫ(ρ), i.e. ǫ is homogeneous of degree 6/k and by Eulers formula we get Dρǫ(ρ) =
6
k
ǫ(ρ). Finally the wedge produt gives an isomorphism Λ6−k ∼= Hom(Λk,Λ6) and
for every ρ ∈ GL.ρ0 we nd a unique ρ̂ ∈ Λ6−k for whih
Dρǫ(.) =
1
2
ρ̂ ∧ .
holds. By denition of ρ̂ we also have
ǫ(ρ) =
k
12
ρ̂ ∧ ρ
and the map .̂ : GL.ρ0 −→ Λn−k satises:
Lemma 1.5. For ρ ∈ GL.ρ0 and A ∈ GL(6,R) we have
Â.ρ =

A.ρ̂ if ρ ∈ GL.ω0.
sgn(A)A.ρ̂ if ρ ∈ GL.ϕ0 or ρ ∈ GL.σ0.
Proof: For ρ˙ ∈ TA.ρ(GL.ρ0) ∼= Λk the invariane of ǫ yields
DA.ρǫ(ρ˙) = sgn(A)det(A
−1)Dρǫ(A
−1.ρ˙)
where sgn(A) ours only in the ase ρ0 ∈ {ϕ0, σ0}. Therefore we get
Â.ρ ∧ ρ˙ = DA.ρǫ(ρ˙) = sgn(A)det(A
−1)Dρǫ(A
−1.ρ˙)
= sgn(A)A.(ρ̂ ∧ A−1.ρ˙) = sgn(A)A.ρ̂ ∧ ρ˙

3
In the following proposition we desribe how the assoiated forms ρ̂ of a stable form
ρ ∈ GL.ρ0 look like. In fat the forms ρ̂ are stable too. Aording to Lemma 1.5 we
only have to ompute Dρ0ǫ for ρ0 ∈ {ω0, ϕ0, σ0} and what we get is:
Proposition 1.6. The assoiated forms ρ̂ are given by:
(1) ω̂ = −ω2.
(2) ϕ̂ = −I(ϕ).ϕ.
(3) σ̂ = −ω if σ = 12ω
2 ∈ GL.σ0.
Now let M be a 6-dimensional oriented manifold. Using the invariane of ǫ and .̂
we obtain maps ǫ : Ωρ0 −→ Ω
n(M) and .̂ : Ωρ0 −→ Ω
n−k(M). Stable forms an
be used to desribe SU(3)-strutures on M . In partiular we have (see [6℄):
Proposition 1.7. There is a one-to-one orrespondene between SU(3)-strutures
on M and pairs (ω, ϕ) of stable 2- and 3-forms on M , whih satisfy the following
ompatibility onditions:
(I) (ω, ϕ) is positive, i.e. ω(X, I(ϕ)X) > 0 for all X 6= 0,
(II) ω ∧ ϕ = 0,
(III) ǫ(ϕ) = ǫ(ω).
Remark 1.8. Note that the equation ω ∧ ϕ = 0 holds if and only if ω ∧ ϕ̂ = 0
holds. In partiular this is exatly the ondition for ω(., I(ϕ).) to be symmetri.
Therefore the onditions (I) and (II) allow us to reonstrut the metri of the
orresponding SU(3)-struture. Equation (III) is the ondition for the (3, 0)-form
α := ϕ+ iϕ̂ to be of onstant length.
Definition 1.9. We say that a SU(3)-struture (ω, ϕ) is
nearly-Kähler :⇔ dω = 3ϕ and dϕ̂+ 2ω2 = 0,
half-at :⇔ dϕ = 0 and dω2 = 0,
nearly half-at :⇔ ∃ λ ∈ R \ {0} : dϕ+ λω2 = 0.
Every nearly-Kähler struture (ω, ϕ) is half-at and the orresponding SU(3)-
struture (ω, ϕ̂) is nearly half-at. Note that half-at strutures are not neessarily
nearly half-at. The reason (see [2℄) to all strutures with dϕ = λω2 nearly half-at
is the type of their intrinsi torsion (in the Gray-Hervella-deomposition). Apart
from the half-at omponents W−1 ⊕ W
−
2 ⊕ W3 the torsion of a nearly half-at
struture has additional values only in W+1 , given by 0 6= λ ∈ R
∼=W+1 .
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2. Lifting nearly half-at SU(3)-strutures to nearly parallel G2-
strutures
A G2-struture on a 7-dimensional manifoldM an be desribed by a stable 3-form
ψ whih is loally of the form
ψ0 := ω0 ∧ e
7 + ϕ0 = e
147 + e257 + e367 + e123 − e156 + e246 − e345
where (e1, .., e7) denotes the standard basis of R
7
. The stabilizer of ψ0 under the
natural ation of GL(7,R) is the 14-dimensional Lie-group G2. Choosing a point
x ∈ S6 the group SU(3) an be realized as the subgroup of G2 whih leaves x
invariant. Due to this fat we have:
Lemma 2.1. Suppose (ωt, ϕt)t∈I is a family of SU(3)-strutures on a 6-dimensional
manifold M6. Dene a 3-form ψ on M7 :=M6 × I by
ψ := ω ∧ dt+ ϕ,
i.e. for (m, t) ∈M7 we have ψ(m,t) = ωt,m∧dt+ϕt,m. Then ψ denes a G2-struture
on M7 and for the indued metri and orientation on M7 the equations
(1) ∗ψ = −ϕ̂ ∧ dt− 12ω
2
,
(2) d7ψ = (d6ω − ϕ˙) ∧ dt+ d6ϕ,
(3) d7 ∗ ψ = (−d6ϕ̂− ω ∧ ω˙) ∧ dt− ω ∧ d6ω
hold.
As a diret onsequene of Lemma 2.1 we get:
Lemma 2.2. Suppose (ωt, ϕt)t∈I is a family of SU(3)-strutures on a 6 dimen-
sional manifold M and let λ ∈ R \ {0}. The indued G2-struture ψ = ω ∧ dt + ϕ
on M × I is nearly parallel with dψ = λ ∗ ψ if the following Evolution Equations
hold:
dϕt +
λ
2
ω2t = 0.(1)
dωt − ϕ˙t = −λϕ̂t.(2)
Let M be a losed oriented manifold with a nearly half-at SU(3)-struture (ω, ϕ)
whih satises
dϕ = −
λ
2
ω2
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for some λ ∈ R \ {0}. Consider the non-empty set
A := {ϕ ∈ Ω3(M) | ∃ ω ∈ Ωω0(M) : dϕ = −
λ
2
ω2}.
As a rst order dierential operator the exterior derivative d : Ω4(M) −→ Ω3(M)
is a ontinuous map and the set A = (− 1
λ
d)−1(Ωσ0(M)) ⊂ Ω
3(M) is open in the
Fréhet topology (see [4℄). From A 6= ∅ we get
TϕA = Ω
3(M).
Lemma 2.3. Aording to Proposition 1.6 the map
π : A −→ Ωω0(M) with ϕ 7−→ −
̂
(−
1
λ
dϕ)
has the following properties:
(i) −λ2π(ϕ)
2 = dϕ.
(ii) For ϕ˙ ∈ TϕA = Ω3(M) we have π(ϕ) ∧ π∗ϕ(ϕ˙) = −
1
λ
dϕ˙.
(iii) For F ∈ Di(M) we have π(F ∗ϕ) = F ∗π(ϕ).
Definition 2.4. Suppose (ω, ϕ) is a nearly half-at SU(3)-struture on a losed
manifold M with dϕ = −λ2ω
2
for some λ ∈ R \ {0}. On the open set
A := A ∩Ωϕ0(M) ⊂ Ω
3(M)
we dene a non-degenerated skew-symmetri bilinear form Ω by
Ω(ϕ˙1, ϕ˙2) :=
∫
M
ϕ˙1 ∧ ϕ˙2.
Consider the real-valued funtion H : A −→ R dened by
ϕ 7−→ 2λ
(∫
M
ǫ(ϕ)−
∫
M
ǫ(π(ϕ))
)
.
From Lemma 2.3 (iii) and the invariane of ǫ we get
H(F ∗ϕ) = ±H(ϕ)
for eah F ∈ Di(M). The sign is positive if F is orientation-preserving, and ne-
gative if F hanges the orientation. Now let X be the assoiated vetor eld on A,
i.e.
Ω(X, .) = DH
and let I ⊂ R be an open interval for whih the ow Φ of the vetor eld X through
ϕ ∈ A is dened for all times t ∈ I. Then for all t ∈ I the forms
ϕt := Φt(ϕ) and ωt := π(ϕt)
are stable and our main result is:
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Theorem 2.5. For a suiently small interval I the forms (ωt, ϕt)t∈I dene a
family of SU(3)-strutures on M and the indued G2-struture ψ = ω ∧ dt+ ϕ on
M × I is nearly parallel with dψ = λ ∗ ψ.
Proof: The forms (ωt, ϕt) are stable and aording to Proposition 1.7 the forms
(ωt, ϕt) dene a SU(3)-struture if the onditions
ωt ∧ ϕt = 0 and ǫ(ωt) = ǫ(ϕt)
are satised. Note that the open ondition (I) of Proposition 1.7 holds on the
ompat manifold M for suient small I and Lemma 2.3 (i) yields
(1) dϕt +
λ
2
ω2t = 0.
Therefore the indued G2-struture is nearly parallel if the equation
(2) dωt − ϕ˙t = −λϕ̂t
holds (see Lemma 2.2). For Y ∈ Γ(TM) onsider the map
µY : A −→ R with ϕ 7−→
∫
M
(Y y (−
1
λ
dϕ)) ∧ ϕ.
For ϕ ∈ A we have dϕ = −λ2ω
2
and therefore
µY (ϕ) =
∫
M
(Y y ω) ∧ ω ∧ ϕ.
Sine ω is non-degenerated, the equation ωt ∧ ϕt = 0 is satised if and only if
µY (ϕt) = 0 holds for all Y ∈ Γ(TM), i.e.
(3) dµY (ϕ˙t) = 0
for all Y ∈ Γ(TM). Stokes' theorem yields
Ω(X ◦ ϕt, LY ϕt) =
∫
M
ϕ˙t ∧ LY ϕt
=
∫
M
ϕ˙t ∧ d(Y yϕt) + ϕ˙t ∧ (Y ydϕt)
=
∫
M
dϕ˙t ∧ (Y yϕt) + ϕ˙t ∧ (Y ydϕt).
and from 0 = dϕ˙t ∧ ϕt we get
Ω(X ◦ ϕt, LY ϕt) =
∫
M
−(Y ydϕ˙t) ∧ ϕt + ϕ˙t ∧ (Y ydϕt)
=
∫
M
−(Y ydϕ˙t) ∧ ϕt − (Y ydϕt) ∧ ϕ˙t
= λdµY (ϕ˙t).
Hene
λdµY (ϕ˙t) = Ω(X ◦ ϕt, LY ϕt) = DϕtH(LY ϕt).
On the ompat manifold M let Ψs be the ow of Y , dened for |s| < ε. For ϕt ∈ A
7
dene a path
c : (−ε, ε) −→ A by s 7−→ Ψ∗sϕt.
Note that dc(s) = Ψ∗sdϕt = −
λ
2 (Ψ
∗
sωt)
2
holds. Therefore we have c(s) ∈ A with
c˙(0) = LY ϕt for suiently small ε. Finally, Denition 2.4 yields (3):
λdµY (ϕ˙t) = DϕtH(LY ϕt)
= (s 7−→ H ◦ c(s))′(0)
= (s 7−→ H(Ψ∗sϕt)︸ ︷︷ ︸
≡H(ϕt)
)′(0) = 0.
So we have ωt ∧ ϕt = 0 for all t ∈ I or equivalent
(4) ωt ∧ ϕ̂t = 0.
By denition we have ǫ(π(ϕ)) = − 16π(ϕ)
3
and the ow equation Ω(X, .) = DH
yields ∫
M
ϕ˙t ∧ ϕ˙ = Ω(ϕ˙t, ϕ˙) = Ω(X ◦ ϕt, ϕ˙) = DϕtH(ϕ˙)
= 2λ
∫
M
Dϕtǫ(ϕ˙) +
1
2
π(ϕt)
2 ∧ π∗(ϕ˙)
for all ϕ˙ ∈ TϕtA = Ω
3(M). Using Lemma 2.3 (ii) we obtain Equation (2):∫
M
ϕ˙t ∧ ϕ˙ = 2λ
∫
M
1
2
ϕ̂t ∧ ϕ˙+
1
2
ωt ∧ (−
1
λ
dϕ˙)
=
∫
M
λϕ̂t ∧ ϕ˙− ωt ∧ dϕ˙
=
∫
M
(λϕ̂t + dωt) ∧ ϕ˙.
Further we have
2(Dǫ(ω˙t)−Dǫ(ϕ˙t)) = ω̂t ∧ ω˙t − ϕ̂t ∧ ϕ˙t
(2)
= −ω2t ∧ ω˙t − ϕ̂t ∧ (λϕ̂t + dωt)
= −ω2t ∧ ω˙t − ϕ̂t ∧ dωt
(4)
= −ω2t ∧ ω˙t − dϕ̂t ∧ ωt
(2)
= −ω2t ∧ ω˙t −
1
λ
dϕ˙t ∧ ωt
(1)
= 0
whih proves the theorem.

Aording to the results in [1℄ and [5,6℄ Theorem 2.5 is the last part to ompletely
understand the relationship between (nearly) half-at SU(3)-strutures on M and
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(nearly) parallel G2-strutures on the produt M × R.
Apart from nearly half-at strutures on hypersurfaes of nearly parallel G2 mani-
folds, nearly Kähler strutures are also examples for nearly half-at strutures (see
[3℄). A nearly Kähler struture is a SU(3)-struture (ω, ϕ) whih satises
dω = 3ϕ and dϕ̂+ 2ω2 = 0.
These equations imply that (ω, ϕ) is a half-at struture and the orresponding
SU(3)-struture (ω, ϕ̂) is nearly half-at. In the nearly-Kähler ase Hithin's evolu-
tion Equations and the evolution Equations (1) and (2) of Lemma 2.2 an be solved
expliitly in terms of (ω, ϕ) and (ω, ϕ̂): Suppose (ω, ϕ) is a nearly-Kähler struture
with metri g. For t ∈ R>0 the SU(3)-family
ωt := t
2ω and ϕt := t
3ϕ
indues a parallel G2-struture on the produt M × R>0 and the G2-metri ĝ is
given by the onial metri ĝ = t2g+dt2 onM ×R>0. We an do something similar
to onstrut nearly parallel G2-strutures: For t ∈ (0, π) the SU(3)-family
ωt := sin
2(t)ω and ϕt := sin
3(t)(sin(t)ϕ̂+ cos(t)ϕ)
indues a nearly parallel G2-struture on the produt M × (0, π) and the G2-metri
ĝ is given by ĝ = sin2(t)g + dt2.
Hithin's onstrution and the onstrution presented in Chapter 2 have in ommon
that the torsion type of the SU(3)-family remains onstant. This indiates that a
unifying approah to both onstrutions might be possible.
Appendix: Denition of the volumes (see [6℄)
For the ase n=6 and k=2 the volume assoiated to ω ∈ GL.ω0 is simply the
Liouville volume
ǫ(ω) := −
1
3!
ω3.
In the other ases, we onstrut GL(6,R)-invariant maps in the following way:
(i) n=6, k=3:
K : Λ3 −→ Hom(R6,R6 ⊗ Λ6) by Kϕ(x)(α) :=
1
2
α ∧ (xyϕ) ∧ ϕ ∈ Λ6
(x ∈ R6, α ∈ R6∗) and
λ : Λ3 −→ (Λ6)2 by ϕ 7−→
1
6
tr(K2ϕ).
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(ii) n=6, k=4:
K : Λ4 −→ Hom(R6∗,R6 ⊗ Λ6) by Kσ(α)(β) := β ∧ α ∧ σ ∈ Λ
6
(α, β ∈ R6∗) and
λ : Λ4 −→ (Λ6)4 by σ 7−→ det(Kσ).
Note that λ(ϕ0) < 0 and λ(σ0) > 0 holds. Therefore we obtain the assoiated
volumes by:
(i) ǫ : GL.ϕ0 −→ Λ6 with ϕ 7−→ (−λ(ϕ))
1
2 .
(ii) ǫ : GL.σ0 −→ Λ6 with σ 7−→ (λ(σ))
1
4 .
The omplex struture assoiated to ϕ ∈ GL.ϕ0 is given by
I(ϕ) :=
1
ǫ(ϕ)
K(ϕ) ∈ End(R6).
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